
ATOMIC DECOMPOSITIONS OF AUDIO SIGNALSMichael Goodwin 1 Martin Vetterli 2Department of Electrical Engineering and Computer Science1Center for New Music and Audio Technologies (CNMAT)University of California at Berkeley2 �Ecole Polytechnique F�ed�erale de LausanneABSTRACTSignal modeling techniques ranging from basis expansionsto parametric approaches have been applied to audio sig-nal processing. Motivated by the fundamental limitationsof basis expansions for representing arbitrary signal fea-tures and providing means for signal modi�cations, we con-sider decompositions in terms of functions that are bothsignal-adaptive and parametric in nature. Granular syn-thesis and sinusoidal modeling can be viewed in this light;we interpret these approaches as signal-adaptive expansionsin terms of time-frequency atoms that are highly corre-lated to the fundamental signal structures. This leads nat-urally to a discussion of the matching pursuit algorithm forderiving decompositions using overcomplete dictionaries oftime-frequency atoms; speci�cally, we compare expansionsusing Gabor atoms and damped sinusoids. Such decompo-sitions identify important signal features and provide para-metric representations that are useful for signal coding andanalysis{modi�cation{synthesis.1. SIGNAL DECOMPOSITIONSDecompositions of signals in terms of elementary buildingblocks have been used in countless signal processing appli-cations. In such decompositions, a signal x[n] is representedas a linear combination of the form:x[n] = KXk=1 �kgk[n] (1)In a general analysis-synthesis framework, the expansion co-e�cients �k are derived by the analysis and the expansionfunctions gk[n] are dictated by the synthesis, both in accor-dance with an underlying signal model. The set of coe�-cients and functions provide a representation of the signal; ifthe representation is compact or sparse, the decompositionindicates basic signal features and is generally useful for sig-nal analysis and coding. It should be noted that compactrepresentations tend to involve expansion functions that arehighly correlated with the signal.When the function set gk [n] constitutes a basis, a givensignal has a unique expansion. This is of special interestfor orthogonal cases such as wavelet or Fourier bases sincethe expansion coe�cients can be independently derived andsince fast computation algorithms such as the FFT are read-ily available. Such basis expansions, however, have a seri-ous drawback in that a given basis is not well-suited fordecomposing a wide variety of signals. As an example, con-sider the Fourier case: for a frequency-localized signal, aFourier expansion is appropriately sparse and indicates theimportant signal features; for a time-localized signal, onthe other hand, the Fourier representation does not read-ily provide information about the basic signal structure.This shortcoming results from the attempt to represent ar-bitrary signals in terms of a very limited set of functions.

Better representations can be derived by using expansionfunctions that are signal-adaptive; this can be achieved byusing adaptive wavelet packets or best basis methods, byparametric approaches such as the sinusoidal model, or bychoosing the expansion functions from an overcomplete dic-tionary of time-frequency atoms. The latter two methodsare of special interest here since they provide very 
exibleparametric representations.1.1. Granular SynthesisGranular synthesis is a technique in computer music whichinvolves accumulating a large number of basic sonic com-ponents or grains to create a substantial acoustic event [1].This approach is based on a theory of sound and perceptionthat was �rst proposed by Gabor [2]; he suggested that anysound could be described using a quantum representationwhere each acoustic quantum or grain corresponds to a lo-cal time-frequency component of the sound. Furthermore,such descriptions are psychoacoustically appropriate giventhe time-frequency resolution tradeo�s and limitations ob-served in the auditory system.In early e�orts in granular music synthesis, arti�cialsounds were composed by combining thousands of parame-terized grains [1]. Individual grains were generated accord-ing to synthetic parameters describing both time-domainand frequency-domain characteristics, for example time lo-cation, duration, envelope shape, and modulation. Thismethod was restricted to the synthesis of arti�cial sounds,however, because the representation paradigm did not havean accompanying analysis capable of deriving granular de-compositions of existing sounds.Simple analysis techniques for deriving grains from realsounds were proposed in [3, 4]; the objective of such gran-ulation approaches is to derive a representation of naturalsounds that enables modi�cations such as time-scaling orpitch-shifting prior to resynthesis. The basic idea in thesemethods is to extract grains by applying time-domain win-dows to the signal. Each windowed portion of the signal istreated as a grain, and parameterized by its window func-tion and time location. These grains can be realigned intime or resampled in various ways to achieve desirable sig-nal modi�cations [3, 4]. Similar ideas have been developedin the speech processing community [5].Grains derived by the time-windowing process can be in-terpreted as signal-dependent expansion functions that arehighly correlated with the signal. If the grains are chosenjudiciously, e.g. to correspond to pitch periods of a voicedsound, then the representation captures important signalstructures and can as a result be useful for both coding andmodi�cation. Because of the complicated time structure ofnatural sounds, however, grains derived in this manner aregenerally di�cult to represent e�ciently and are thus notparticularly applicable to signal coding. Nevertheless, thismethod is of interest because of its modi�cation capabilitiesand its underlying signal adaptivity.IEEE Audio Signal Processing Workshop, 1997 1 c
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The time-windowed signal components derived by granu-lation are disparate from the fundamental acoustic quantasuggested by Gabor; time-windowing of the signal, whilee�ective for modi�cations, is not an appropriate analysisfor Gabor's time-frequency representation. This motivatesboth the following interpretation of the sinusoidal modelas a granular analysis-synthesis and to a greater extent thesubsequent consideration of signal decompositions based onparameterized time-frequency dictionaries.1.2. Sinusoidal ModelingIn sinusoidal modeling, the signal is modeled as a sumof evolving sinusoids called partials. Analysis methodsfor this sum-of-partials model are generally frame-by-frameapproaches based on the short-time Fourier transform(STFT); the parameters of the partials in a given frame arefound by estimating the amplitude, frequency, and phaseof the peaks in the Fourier spectrum of that frame [6, 7].These parameters are then frame-rate representations of thetime-varying amplitude and frequency tracks of the partials.The frame size and analysis stride of the STFT are chosento give a reasonable tradeo� between the e�ciency of theparameterization and its accuracy in modeling the signal.Synthesis for the sinusoidal model can be achieved bysumming the time-domain outputs of a bank of sinusoidaloscillators corresponding to the partials of the signal model.The output of a particular oscillator is dictated by ampli-tude and frequency control functions that are calculated inthe synthesis process according to the parameters derivedby the analysis. This involves two di�culties, line trackingand parameter interpolation, both of which arise because offrame-to-frame parameter di�erences for nonstationary sig-nals. First, the synthesis must relate the parameter sets inadjacent frames to form partials that endure in time. Thisline tracking is generally done by coupling partials in adja-cent frames if they are close in frequency; partials withoutappropriate pairings are accounted for as births or deaths,i.e. partials that are newly entering or leaving the signal.Second, after partial continuity is established, the frame-rate partial parameters must be interpolated to determinethe sample-rate oscillator control functions. Typically, thisinterpolation is based on low-order polynomial models suchas linear amplitude and quadratic frequency (cubic phase);the interpolation functions are constrained to meet ampli-tude, frequency, and phase matching conditions at the syn-thesis frame boundaries, which correspond in time to thecenters of the analysis frames [6, 7].The sinusoidal synthesis can be viewed as a sum of non-overlapping synthesis frames, each of which is a sum of par-tials. The reconstruction of the signal is given byx̂[n] = Xi x̂i[n] = Xi QiXq=1 Aq;i[n] cos �q;i[n] (2)where Aq;i[n] and �q;i[n] are functions derived by interpo-lating the analysis parameters as described above; i is aframe index and q is a partial index. Note that each ofthe modulated sinusoids in this expression is time-localizedto a synthesis frame and frequency-localized according toits quadratic frequency function. In this light, the sinu-soidal model can be interpreted as a decomposition in termsof linear-amplitude, cubic-phase sinusoidal atoms. Theseatoms are generated directly from the analysis data by thesynthesis interpolation; the expansion functions in the si-nusoidal model are thus signal-dependent, and the time-frequency representation is signal-adaptive.Sinusoidal modeling derives an accurate reconstructionfor signals that vary slowly with respect to the frame rate.Variations that occur on shorter time scales are not well-modeled. This di�culty is clearly explained by the atomicinterpretation of the sinusoidal model; any rapid transient

is spread out across a synthesis frame because of the �xedtime resolution of the sinusoidal model expansion functions.In short, these functions are inadequate for rapidly vary-ing signals. This situation can be remedied by applyinga multiresolution framework to the sinusoidal model, ei-ther by subband �ltering followed by sinusoidal modelingof the channel signals with long frames for low-frequencybands and short frames for high-frequency bands, or byusing a time-varying segmentation with short frames neartransients and long frames for stationary behavior [8]. Suchmethods admit expansion functions with an appropriate va-riety of time supports into the decomposition; this resultsin a more accurate signal representation.Sinusoidal modeling has found many applications inspeech and audio coding and analysis-synthesis. This isprimarily because the representation in terms of sinusoidalparameters is e�cient and readily allows for such desirabletransformations as time-scaling, pitch-shifting, and cross-synthesis [6, 7]. The e�ciency results from the signal-adaptivity of the expansion functions, and the modi�cationcapabilities arise because the representation is parametricin nature. In e�ect, if the sinusoidal parameters are mod-i�ed, a new set of expansion functions are derived basedon those modi�cations. This robustness to modi�cation re-sults directly from the parametric nature of the represen-tation. Basis-type expansions in terms of �xed vectors donot exhibit a similar 
exibility; e.g. if the coe�cients in awavelet �lterbank expansion are modi�ed, aliasing is intro-duced. Furthermore, it is not clear how to achieve a desiredperceptually-oriented modi�cation such as pitch-shifting foran arbitrary expansion.The preceding discussions argued that granular synthesisand sinusoidal modeling can both be interpreted as time-frequency atomic methods, and that these approaches areuseful due to the signal-adaptivity of the representationand their inherent parametric structures. Another way toachieve a parametric signal-adaptive representation is tochoose the expansion functions from an overcomplete dictio-nary of parameterized time-frequency atoms. Expansionsbased on arbitrary dictionaries can be derived using thematching pursuit algorithm, which is described in the nextsection. Then, parametric dictionaries that readily allowfor signal modi�cations will be discussed.2. MATCHING PURSUITMatching pursuit is a recently proposed algorithm for deriv-ing signal decompositions in terms of expansion functionschosen from a dictionary [9]. To achieve a signal-adaptiverepresentation, an overcomplete dictionary is used, mean-ing that the dictionary contains a basis for the signal spaceplus additional functions. This overcompleteness or redun-dancy implies that the dictionary elements, or atoms, ex-hibit a wide range of behaviors, and can thus provide betterdecompositions of a wide range of signals than a basis ex-pansion. This approach is adaptive in the sense that thealgorithm chooses the appropriate atoms from the dictio-nary to decompose a particular signal.Matching pursuit refers speci�cally to a greedy iterativealgorithm for determining an expansion given a signal anda dictionary of atoms. At each stage of the iteration, theatom that best approximates the signal is chosen; then theweighted contribution of this atom to the signal is sub-tracted and the iteration proceeds on the residual. Usingthe two-norm as the approximation metric, the task at thei-th stage of the algorithm is to �nd the atom gm(i)[n] thatminimizes the two-norm of the residual signalri+1[n] = ri[n]� �igm(i)[n] (3)where �i is a weight that describes the contribution of theatom to the signal, i.e. the expansion coe�cient, andm(i) is2



the dictionary index of the atom; the iteration begins withr1[n] = x[n], the original signal. The solution for �i andgm(i)[n] follows from the orthogonality principle; treatingthe signals as column vectors, the two-norm of the residualri+1 is a minimum if it is orthogonal to the atom:hri � �igm(i); gm(i)i = (ri � �igm(i))Hgm(i) = 0 (4)=) �i = hgm(i); riihgm(i); gm(i)i = hgm(i); riiwhere the last step follows from restricting the atoms to beunit-norm. Then, the two-norm hri+1; ri+1i of the error ishri; rii � jhgm(i); riij2hgm(i); gm(i)i = hri; rii � j�ij2: (5)This energy is minimized by choosing the atom gm(i) thathas the largest magnitude correlation with the signal ri,and the expansion coe�cient for that atom is hgm(i); rii.In deriving a signal decomposition, the matching pursuititeration is continued until the residual energy is below somethreshold, or until some other halting criterion is met. AfterI iterations, the algorithm gives the signal estimatex[n] � x̂[n] = IXi=1 �igm(i)[n]; (6)Note that the expansion functions here are highly correlatedwith the signal as in the methods of section 1. The mean-squared error of this approximate decomposition, namelythe energy of the residual x[n]� x̂[n], converges to zero asthe number of iterations approaches in�nity [9]. The con-vergence property of this successive approximation impliesthat I iterations will provide a reasonable I-term decom-position of the signal; global optimality, however, is not in-sured because of the nature of the algorithm. Determiningthe globally optimal I-term expansion based on an overcom-plete dictionary requires �nding the minimum error over allI-dimensional dictionary subspaces, which is not computa-tionally feasible for large I [10].To enable representation of a wide range of signal fea-tures, large dictionaries are used in the matching pursuitalgorithm. The computation of the correlations hg; rii isthus intensive. As noted in [9], however, the computationcan be drastically reduced using an update formula derivedfrom equation 3; the correlations at stage i+ 1 are directlyrelated to the correlations at stage i by the equationhg; ri+1i = hg; rii � �ihg; gm(i)i (7)where the only new computation required for the correlationupdate is the dictionary cross-correlation term hg; gm(i)i,which can be precomputed and stored.3. TIME-FREQUENCY DICTIONARIESMatching pursuit can be viewed as a method of �ndingsparse approximate solutions to inverse problems [11]. Thisis equivalent to deriving sparse signal decompositions interms of arbitrary dictionaries of expansion functions. Suchdecompositions are not particularly useful, however, un-less the functions correspond to relevant signal structures.Thus, overcomplete dictionaries consisting of atoms that ex-hibit a wide range of localized time and frequency behaviorsare of signi�cant interest; decomposition in terms of suchatoms provides an adaptive time-frequency representationof a signal [9]. Such localized time-frequency atoms corre-spond to the perceptually motivated quanta introduced byGabor. Matching pursuit using such atoms thus providesa compatible analysis method for granular synthesis, espe-cially since the atoms in typical time-frequency dictionariesare parameterized in such a way that signal modi�cationscan be achieved.
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Time (samples)Figure 1. (a) a damped sinusoidal signal, (b) the optimal�rst atom chosen from a symmetric Gabor dictionary, and(c) the residual; note the artifact near the onset time.3.1. Gabor AtomsThe literature on matching pursuit has focused largely onapplications using dictionaries of Gabor atoms; these areappropriate expansion functions for time-frequency signaldecompositions [9]. Such atoms are scaled, modulated, andtranslated versions of a single window function:gfs;!;�g[n] = 1psg �n� �s � ej!n (8)In this notation, g(t) is a unit-norm window function fromwhich the atoms are derived; each atom is indexed in thedictionary by a parameter set fs; !; �g. This paramet-ric structure allows for a simple description of a speci�cdictionary and provides modi�cation capabilities; this is atwo-fold advantage with respect to dictionaries of arbitraryvectors. A Gabor dictionary, which includes Fourier andwavelet-like bases, is highly overcomplete when the scale,modulation, and translation parameters are not tightly re-stricted; such overcompleteness, especially when coupledwith a nonlinear analysis like matching pursuit, yieldssignal-adaptive representations [12].In applications of Gabor functions, g(t) is typically aneven-symmetric window. The associated dictionaries thusconsist of atoms that exhibit symmetric time-domain be-havior. This is problematic for representing asymmetricsignal features such as transients, which occur frequently innatural signals such as music. Figure 1(a) shows a typicaltransient from linear system theory, the damped sinusoid;the �rst stage of a matching pursuit based on symmetric Ga-bor functions chooses the atom shown in Figure 1(b). Thisatom matches the frequency behavior of the signal, but itstime-domain symmetry results in a pre-echo artifact in theresidual as shown in Figure 1(c). The residual has energybefore the onset of the original signal, which the matchingpursuit algorithm must then remove at subsequent stages.One approach to this problem is the high-resolution match-ing pursuit algorithm suggested in [13, 14], where symmetricatoms are still used but the correlation metric is modi�ed sothat atoms that introduce such artifacts are not chosen forthe decomposition. Another approach is to use a dictionaryof asymmetric atoms such as damped sinusoids.3.2. Damped SinusoidsThe common occurrence of damped oscillations in naturalsignals is su�cient justi�cation for considering damped si-nusoids as building blocks in signal decompositions. Thismatching pursuit application is further motivated in thatdamped sinusoids are better suited than symmetric Gaboratoms for representing transients. Like the atoms in a gen-eral Gabor dictionary, damped sinusoidal atoms can beindexed by characteristic parameters; the damping factora, modulation frequency !, and start time � specify theseatoms: gfa;!;�g [n] = S a(n��)ej!nu[n� � ] (9)where S is a scaling factor needed to satisfy the unit-normrequirement. It should be noted that damped sinusoidal3



0 20 40 60 80 100 120 140 160 180 200

−0.2

0

0.2 (a)

0 20 40 60 80 100 120 140 160 180 200

−0.2

0

0.2 (b)

0 20 40 60 80 100 120 140 160 180 200

−0.2

0

0.2 (c)

Time (samples)Figure 2. (a) A gong attack, and decompositions using (b)10 symmetric Gabor atoms, and (c) 10 damped sinusoids.atoms can be interpreted as Gabor functions derived froma one-sided exponential window; they are just di�erentiatedfrom typical Gabor atoms by their asymmetry. Also, theatomic structure is more readily indicated by a dampingfactor rather than a scale parameter, so the dictionary indexset is di�erent than in the general Gabor case.For a dictionary of damped sinusoids, the structure of thesignal{atom correlations allows for reduction in the com-putation irrespective of equation 7 as well as an intuitiveinterpretation of the pursuit algorithm. The correlationcomputation over the time index is simpli�ed based on theexponential structure of the atoms, which results in a re-cursion relation between correlations at neighboring times:�(a; !; � � 1) = ae�j!�(a; !; �) + : : : (10)where the omitted terms are corrections to account for trun-cation of the atoms [11]. This relation is simply a one-pole �lter; it suggests interpreting the exhaustive correla-tion computation as an application of the signal to a densegrid of one-pole �lters, which are the matched �lters for thedictionary atoms. A further simpli�cation can be achievedif the dictionary has a harmonic structure; for any dictio-nary of harmonically modulated atoms, the FFT can beused to compute correlations over the frequency index [11].The dictionaries discussed consist of complex atoms. Thisis not problematic for applications with real signals since thepursuit algorithm can be modi�ed to derive real expansionsof real signals based on a complex dictionary [9, 11].Figure 2 shows a comparison of decompositions usingsymmetric atoms and damped sinusoids. The dictionar-ies are designed for a fair comparison; the errors in the twopursuits exhibit similar convergence behavior as shown inFigure 3(a). The symmetric decomposition, however, in-troduces a pre-echo before the signal onset as depicted inFigure 2(b). Later iterations of the pursuit are devoted toremoving this artifact; this is characterized in Figure 3(b),which shows the mean-squared energy of the reconstruc-tion pre-echo as a function of the number of iterations.As demonstrated in Figure 2(c), the decomposition withdamped sinusoids does not introduce a pre-echo.For the signal in Figure 2(a), the dictionary of damped si-nusoids outperforms the symmetric dictionary with respectto representing the signal onset, which is particularly im-portant in music perception [6]. In general, however, thesymmetric decomposition does provide a reasonable repre-sentation of the signal. This points to the conclusion thatthe choice and design of dictionaries inherently depends onvery speci�c properties desired for the representation. Forinstance, the symmetric decomposition yields a very smoothreconstruction in the early stages of the pursuit, which isappropriate in some signal approximation scenarios. In ar-bitrary cases, hybrid dictionaries may well prove most usefulfor representing basic signal structures. This issue of dic-tionary design is an open and extremely relevant question.
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